In this paper, we deal with the Hilfer fractional neutral integrodifferential equations involving nonlocal initial conditions. The existence of mild solutions are established. The results are obtained by using the fractional power of operators and the Sadovskii's fixed point theorem. At the end, an example is also given to show the applicability of our obtained theory.
Introduction
Fractional differential equations have received great attention due to their applications in many important applied fields such as population dynamics, heat conduction in materials with memory, seepage flow in porous media, autonomous mobile robots, fluid dynamics, traffic models, electro magnetic, aeronautics, economics and so on (see [1] [2] [3] and reference therein). Moreover, the nonlocal condition, which is a generalization of the classical condition, was motivated by physical problems. The pioneering work on nonlocal conditions is due to Byszewski (see [4] [5] [6] ). Existence results for differential equations with nonlocal conditions were investigated by many authors (see [7] [8] [9] [10] ). Hilfer (see [11] [12] ) proposed a generalized Riemann-Liouville fractional derivative for short, Hilfer fractional derivative, which includes RiemannLiouville fractional derivative and Caputo fractional derivative. Subsequently, many authors (see [13] [14] [15] [16] [17] [18] ) studied the fractional differential equations involving Hilfer fractional derivatives. The main purpose of this paper is to study the existence of mild solutions of semilinear neutral Hilfer fractional integrodifferential equations with nonlocal conditions in the following form
0+ [x(t) + F (t, x(t), x(b 1 (t)), ..., x(b m (t)))] + Ax(t) = t 0 G(s, x(s), x(a 1 (s)), ..., x(a n (s)))ds, t ∈ J = [0, b], I
(1−ν)(1−µ) 0+
0+ is the Hilfer fractional derivative, 0 ≤ ν ≤ 1, 0 < µ < 1, −A is the infinitesimal generator of an analytic semigroup and the functions F, G and g are given functions to be defined later.
Preliminaries
In order to derive the existence of mild solutions of semilinear neutral Hilfer fractional integrodifferential equations with nonlocal conditions, we need the following basic definitions and Lemmas; Definition 2.1 (see [19] ). The fractional integral operator of order µ > 0 for a function f can be defined as
where Γ(·) is the Gamma function. Definition 2.2 (see [11] ). The Hilfer fractional derivative of order 0 ≤ ν ≤ 1 and 0 < µ < 1 is defined as
Throughout this paper X will be a Banach space with the norm . and −A : D(A) → X be the infinitesimal generator of an analytic compact semigroup of uniformly bounded linear operators {(S(t)) t≥0 }. This means that there exists a M ≥ 1 such that S(t) ≤ M. We assume without loss of generality that 0 ∈ ρ(A), where ρ(A) is the resolvent set of A, then it is possible to define the fractional power A α for 0 < α ≤ 1, as a closed linear operator on its domain D(A α ). Furthermore, the subspace D(A α ) is dense in X and the expression h α = A α h defines a norm in D(A α ). If X α represents the space D(A α ) endowed with the norm . α , then the following properties are well known. Lemma 2.1(see [20] ).
is a Banach space with the norm x γ = A γ x , x ∈ X γ . (2) S(t) : X → X γ for each t > 0 and A γ S(t)x = S(t)A γ x for each x ∈ X γ and t ≥ 0. (3) For every t > 0, A γ S(t) is bounded on X and there exists a positive constant
and the embedding is compact whenever the resolvent operator of A is compact. For x ∈ X, we define two families of operators {S ν,µ (t) : t ≥ 0} and {P µ (t) : t ≥ 0} by
where
is a function of Wright-type which satisfies the following equality
for θ ≥ 0. (2.4) Lemma 2.2 (see [15] ). The operator S ν,µ and P µ have the following properties. (i) {P µ (t) : t > 0} is continuous in the uniform operator topology.
(ii) For any fixed t > 0, S ν,µ (t) and P µ (t) are linear and bounded operators, and
(iii) {P µ (t) : t > 0} and {S ν,µ (t) : t > 0} are strongly continuous. Lemma 2.3 For any x ∈ H, β ∈ (0, 1) and δ ∈ (0, 1], we have
Let C(J, X) be the Banach space of all continuous maps from J into X.
Obviously, E is a Banach space. In this paper we need the following assumptions. (H1) F : J × X m+1 → X is a continuous function, and there exists a constant β ∈ (0, 1) and M 1 , M 2 > 0 such that the function A β F satisfies the Lipschitz condition:
..m and the inequality
n+1 → X satisfies the following conditions: (i) for each t ∈ J, the function G(t, .) : X n+1 → X is continuous and for each
for all x ∈ E; (ii) g : E → X is a completely continuous.
Main Result
Before starting and proving our main result, we first give the definition of the mild solution. Definition 3.1. A continuous function x(·) : J → X is said to be a mild solution of the nonlocal Cauchy problem (
and the following integral equation is verified:
Theorem 3.1. If the assumptions (H1)-(H4) are satisfied and x 0 ∈ X, then the nonlocal Cauchy problem (1.1) has a mild solution provided that
where M 0 = A −β . Proof. For the sake of brevity, we rewrite that (t, x(t), x(b 1 (t)), ..., x(b m (t))) = (t, v(t)) and (t, x(t), x(a 1 (t)), ..., x(a n (t))) = (t, u(t)). Define the operator Φ on E by
For each positive integer q, let B q = {x ∈ E :
x(t) ≤ q, 0 ≤ t ≤ b}. Then for each q, B q is clearly a bounded closed convex set in E. From Lemma 3.1 and (2.2), yields
it follows that AP µ (t − s)F (s, v(s)) is integrable on J, by Bochner's theorem [21] so Φ is well defined on B q . Similarly from (H2)(ii), we obtain
We claim that there exists a positive number q such that ΦB q ⊆ B q . If it is not true, then for each positive number q, there is a function x q (·) ∈ B q , but Φx q / ∈ B q , but Φx q (t) E > q for some t(q) ∈ J, where t(q) denotes that t is dependent of q. However from equations (2.6), (3.4) and (3.5) and (H4)(i), we have
Dividing both sides of (3.6) by q and taking the lower limit as q → +∞, we get
This contradicts (3.2). Hence for positive q, ΦB q ⊆ B q . Next we will show that the operator Φ has a fixed point on B q , which implies that equation (1.1) has a mild solution. We decompose Φ as Φ = Φ 1 + Φ 2 , where the operators Φ 1 and Φ 2 are defined on B q , respectively, by
for t ∈ J. We will show that Φ 1 verifies a contraction condition while Φ 2 is a compact operator.
To prove that Φ 1 satisfies a contraction condition, we take x 1 , x 2 ∈ B q , then for each t ∈ J and by condition (H1) and (3.2), we have
Thus, Φ 1 is a contraction. To prove that Φ 2 is compact, firstly we prove that Φ 2 is continuous on B q . Let {x n } ⊆ B q with x n → x in B q , then for each τ ∈ J, u n (τ ) → u(s), and by
By the dominated convergence theorem, we have
as n → ∞, that is continuous. Next we prove that the family {Φ 2 x : x ∈ B q } is a family equicontinuous functions.
To do this, let > 0 small, 0 < t 1 < t 2 , then
We see that (Φ 2 x)(t 2 ) − (Φ 2 x)(t 1 ) E tends to zero independently of x ∈ B q as t 2 → t 1 with sufficiently small since the compactness of S ν,µ (t) for t > 0 (see [18] ) implies the continuity of S ν,µ (t) for t > 0 in t in the uniform operator topology. Similarly, using the compactness of the set g(B q ) we can prove that the function Φ 2 x, x ∈ B q are equicontinuous at t = 0. Hence Φ 2 maps B q into a family of equicontinuous functions. It remains to prove that
Obviously, by condition (H4), V (0) is relatively compact in X. Let 0 < t ≤ b be fixed, 0 < < t, arbitrary δ > 0, for x ∈ B q , we define
Since S( µ δ), µ δ > 0 is a compact operator, then the set V ,δ (t) = {(Φ ,δ 2 x)(t) : x ∈ B q } is relatively compact in X for every , 0 < < t and for all δ > 0. Moreover, for every x ∈ B q , we have
We see that for each x ∈ B q , (Φ 2 x)(t) − (Φ ,δ 2 x)(t) E → 0 as → 0 + , δ → 0 + . Therefore, there are relative compact sets arbitrary close to the set V (t), t > 0. Hence the set V (t), t > 0 is also relatively compact in X. Thus, by Arzela-Ascoli theorem Φ 2 is a compact operator. Those arguments enable us to conclude that Φ = Φ 1 + Φ 2 is a condensing map on B q , and by the fixed point theorem of Sadovskii there exists a fixed point x(·) for Φ on B q . Therefore the problem (1.1) has a mild solution, and the proof is completed.
Example
In this section, we present an example to illustrate our main result. Let us consider the following Hilfer fractional integropartial differential equation: 3 5 0+ is Hilfer fractional derivative of order 0 ≤ ν ≤ 1, µ = 3 5 , b ≤ π, p is a positive integer, 0 < t 0 < t 1 < ... < t p < b. dz 2 )y ∈ X, y(0) = y(π) = 0}. Then −A generates a strongly continuous semigroup S(·) which is compact, analytic, and self-adjoint. Furthermore, A has a discrete spectrum, the eigenvalues are n 2 , n ∈ N, with the corresponding normalized eigenvectors x n (z) = (2/π) 1/2 sin(nz). Then the following properties hold:
We assume the following conditions hold: (i) The function a is measurable and
(ii) The function From (ii) we know that Z 2 : X → X is a bounded linear operator with Z 2 ≤ N 1 . Hence A 1/2 Z 1 (x) = Z 2 (x) , which implies the assertion. Therefore, the conditions (H1)-(H4) are all satisfied. Hence from Theorem 3.1, system (4.1) admits a mild solution on [0, b] under the above assumptions additionally provided that (3.2) and (3.3) hold.
Conclusion
In this paper, by using fractional calculus, fractional power of operators and Sadovskii fixed point theorem, we studied the existence of mild solutions for a class of Hilfer fractional neutral integrodifferential equations with nonlocal condition. Also, we provided an example to illustrate our results.
